We consider the time evolution of entanglement entropy after a global quench in a strongly coupled holographic two-dimensional system with initial temperature Ti. Subsequent equilibration increases the temperature up to a final temperature T f . We describe this process holographically by an injection of a thin shell of matter in the black hole background with temperature Ti.
It is universally recognized that one of the most challenging questions in traditional methods of quantum field theories is the description of thermalization process. The AdS/CFT correspondence [1] [2] [3] proposes a powerful tool for a description of thermalization process in general class of strong coupling quantum theories. In the holographic duality the temperature in the quantum field theory is related with the black hole (or black brane) temperature in the dual background [4] [5] [6] . The description of the thermalization of conformal field theory after a global quench is well known [7, 8] and in the dual language the thermalization is described by a black hole formation, see [9, 10] and references therein. Also see [11] [12] [13] for different applications of the AdS/CFT duality. The simplest description of this process is provided by the Vaidya deformation of a given background, see [14] - [36] and references therein.
However not all interesting non-equilibrium processes in strong correlated systems start from zero temperature. In [35] the global quench starting from the thermal initial state has been considered for some particular simple models. Many interesting and noteworthy phenomena start from non-zero temperatures, in particular, all phenomena related with biological systems. So it is natural to try to study these phenomena using the gravity dual description. In particular, such approach has been used in the holographic description of the photosynthesis [36] .
In some sense the non-equilibrium heating process as compared to the thermalization is simpler to study, but holographically the situation is just opposite. It is natural to expect that non-equilibrium heating inherits typical regimes taking place during thermalization. The regimes in thermalization processes have been studied in details in the papers by H.Liu and S.Suh [20, 21] , see also [37] [38] [39] , and they are -regimes of pre-local-equilibration quadratic growth, post-local-equilibration linear growth, a late-time regime in which the evolution does not carry any memory of the size and shape of the entangled region, and the saturation regime. In this paper we show that this is really true for 1+1 dimensional systems, whose dual admits the explicit formula [24] , but curiously calculations of scaling coefficients are more involved, as compared to those of the thermalization.
The paper is organized as follows. In Section II we remind the dual geometry of the thermalization and nonequilibrium heating processes and present the explicit formulae for the entanglement entropy evolution after the global quench in initially thermal system. We also list the specific regimes during these processes and remind the arXiv:1704.07747v1 [hep-th] 25 Apr 2017 previous results about behavior of the entanglement entropy during thermalization. Section III is devoted to the study of detailed relations between geometrical characteristics of the entanglement minimal surface ( geodesic) in the bulk and physical parameters on the boundary, that are the size of the entangled area and thermalization time τ of this area. In Section IV we calculate the scaling characteristics of the memory loss regime in the process of the global quench in thermal system with temperature T i = 0 and especially their dependences on the difference between final and initial temperatures. In the final Section VI we conclude and we discuss some possible generalizations.
13) 14) where G N is Newton's constant in the bulk and R is a typical scale in the bulk. In this paper we set 8πG N /R = 1. This metric describes the shell located at v = 0 and usually z H > z h . Note, that the case z H < z h corresponds to a model of cooling [18] and this model violates NEC condition [20] .
We have solved this model explicitly [24] and we have obtained the following expression for the entanglement entropy 15) where S κ is given by
The entanglement entropy (2.16) has been obtained as a length of the ETEBA geodesic with minimal divergence subtraction. Both endpoints of these geodesic are anchored on the boundary points at the same time τ located on the distance . The relations between the boundary data τ, and bulk characteristics s, ρ of the ETEBA geodesic are more complicated as compared with formula (2.4), (2.5), but admit the explicit form
2cρ + 2∆ , (2.17)
18) 19) where in addition to (2.3) we introduce
In (2.24) we also use the notations
The bulk variables define relative position of the geodesic top z * and the point where geodesic crosses the null shell z c . Now there are restrictions z * < z H and z c < z H , but there are still 3 types of ETEBA geodesics. For τ < 0 our ETEBA geodesic (first type) lies entirely in the BTZ bulk with temperature T i . The entanglement entropy is independent on τ and is equal (after the minimal renormalization) to
The top of the corresponding ETEBA geodesic z * < z H and z * → z H when increases in the correspondence with [37] . Let us fix and start to increase the time. At very small τ > 0, the ETEBA geodesic starts intersecting the null shell and for τ z h the point of intersection is close to the boundary, z c z h . This is the second type of the ETEBA geodesics. When τ is of order z h the ETEBA geodesic (third type) intersects the shell behind the horizon, i.e. z c > z h . At some time τ = τ s the ETEBA geodesic lies entirely in the black hole (with the temperature T f ) region.
The role of the second horizon located at z = z H is that it pulls out of the ETEBA geodesic with the top z * > z h to the first horizon, and this effect is stronger as the difference of two temperatures decrease, i.e. κ → 1.
C. Different regimes in equilibration
The regime which we consider are specified by the ratio of /z h , τ /z h and τ / . It is interesting that the choice of the regime does not depend on /z H , τ /z H , but the scaling parameters in these regimes do depend on z h /z H , see Section IV. One can study
• Pre-local-equilibration growth regime with small τ .
-Both τ and are small
-Only τ is small and is large τ < z h < (2.26)
• Memory loss. Both τ and are larger then z h
Depending on the ratio of − t to , τ , z h there are the following more detailed cases -saturation regime:
-late-time memory loss regime:
-Post-local-equilibration linear growth regime with large 30) and therefore, − τ ∼
D. Scaling characteristics of thermalization regimes
Characteristics of different regimes during thermalization have been studied in numerous studies [27, 31, 32, 37, 42] , and in more details in the paper by H.Lui and J.Sui [20] . In this paper different models have been studied and as one can see from these studies that the main properties are already seen in 1+1 example, described in sect.A. To mention possible generalizations of our result to arbitrary dimension, see VI, below we remind their results for d-dimensional case. According to these studies in the pre-local-equilibration growth regime the entanglement entropy grows as
where E is the energy density and A Σ is the area of Σ. This result is independent of the shape of Σ, the spacetime dimension d, and the specific form of h(z) [27, 37, 42] .
In the memory loss regime
i.e. ∆S( , τ ) depends only on the difference t s ( )−τ , and not on τ and separately. Here λ is some function that depends on h(z) and which can be determined explicitly only for d = 2 case, eq.(2.34) below,
with y = − τ and
Note λ(y) interpolates between the linear behavior for large y/z h and the critical behavior y 3 2 near saturation as y/z h → 0. For d = 2, the behaviour (2.32) has been observed also in [16, 42] . Formula (2.32) interpolates between the post-localequilibration linear growth
and the saturation regime, t s − τ z h ,
In (2.35) v E is a dimensionless number which is independent of the shape of Σ, but does depend on the final equilibrium state s eq = c/(6z h ) and in the particular case d=2 v E = 1.
Note that in the saturation regime the evolution is beyond the linear regime and it depends on the shape, the spacetime dimension d, and may also depend on the final equilibrium state [20] . In particular case of 1+1, the saturation time is
37) The richer structure of the saturation regime takes place in higher dimensions and in the case of RN and Kerr black holes [26, 27] .
III. CRITICAL CURVE
Formulae (2.19) and (2.17) give the explicit dependence for and τ from the geometry of the entanglement surface specified by parameters ρ and φ. For any 0 ≤ κ ≤ 1 there is a critical curve in the parameter space ρ and φ, so that only on the right of this line (the red line in Fig.2 ) one can perform the change of variables (ρ, φ) → ( , τ ). To visualize this change of variables it is convenient to draw the lines of fixed values of and τ (brown and blue lines in Fig.2) . From Fig.2 we see that large values of and τ are located near the critical line. The explicit form of the critical line ρ = ρ * (φ) is defined by the following formula
where we define
Substituting (3.1) into (2.17) and (2.19) one can check, that τ and + are equal to infinity on the critical line.
Near the critical line we have
where and, therefore, we get near the critical curve the following time asymptotic
The same expansion for + is
where
and
where V and Q are defined by (3.2) and (3.3), respectively.
The expression for − is not singular on the critical line
In the limit of κ → 0 we have
14)
IV. MEMORY LOSS REGIME IN NON-EQUILIBRIUM HEATING
Using formulae (3.6), (3.11) and (3.7) we get, that near the critical curve the difference
is finite and can be expressed in the form
where function χ κ is defined as
The second lightcone variable,
is singular near the critical line
The function χ κ (φ) plays an important role in what follows, controlling the behaviour of the lightcone variable T − . In the limit κ → 0 we have Now let us consider the entanglement entropy behaviour near the critical line
Note, that S(φ, ρ, κ) is not singular on the critical line. Neglecting the exponentially small terms in (4.8) and introducing S κ (φ) = S(φ, ρ * H , κ) we get
Formula (4.2) gives the representation of φ in term of
and we get that near the critical line the entanglement entropy has the wave spreading
The dependence of entanglement entropy propagation only on T − , i.e. realization of the memory loss regime, is based on the exponential suppression of T + dependence, see (4.8), and dependence of S only on φ near the critical line.
A. Saturation. Expansion near π/2
One of limiting forms of memory loss regime is called the saturation regime and it corresponds to T − → −0. This corresponds to time scales near the final equilibtation time t s ≈ In parametric space it corresponds to the values φ → π/2.
Let us consider asymptotics of τ , − and + given by (3.7), (3.11) and (3.6) when φ → π/2 
12)
and we have (we compare this formula with exact one in Fig.5 )
The inverse function χ −1 is expressed in the form
(4.14)
Finally, expanding log S near φ → π/2 16) we get
We see that there is essential dependence of the coefficient f κ in front of scaling low on the initial temperature. Note, that at κ = 1 all the expansion for saturation regime vanishes identically.
B. Post-local-equilibration linear growth. Expansion near ϑκ
First let us consider − . The new feature of behaviour of − for κ > 0, is that it is singular near φ = ϑ κ ,
Since time τ and + are not singular near this point we get
Using the following properties of factors defined S, see equation (2.16), 28) we get that near the critical line and when φ ≈ ϑ κ + δ
Therefore, the linear coefficient is changed as compare to the case of the initial zero temperature, and
that is in agreement with numerical calculations presented in Fig. 7 . C. Late-time memory loss regime.
Interpolation between φ = ϑκ and π/2
As interpolation functions x κ (φ) to χ κ (φ) on the interval (ϑ κ , π/2) we take, see Fig.6 , The inverse functions to x κ are given by
Substituting (4.35) to (4.30) we get
From Fig. 7 we see that in the region of large of L ≡ −T − we have the linear growth of ∆S.
V. NUMERICAL RESULTS
In the previous sections we have shown, that for some values of τ and the function ∆S depends only on their difference τ − . From Fig.9 we see that for large values of and τ and > τ , the function ∆S(z H , , τ ) in fact depends only on the T − light-cone variable
and the dependence on is negligible away from the line T − = − , i.e. for large times, and for large length . Also this effect is presented in coordinates and τ in the top panels in Fig.9 . It is instructive to present the dependence on T − in the 2D plot keeping fixed, see Fig.8 .
In Fig.8 we present the explicit dependence of ∆S(z H , , T − + ) on T − for the different values of κ and for different values of . Solid lines corresponding 
VI. CONCLUSIONS AND DISCUSSIONS
In this paper we considered the evolution of entanglement entropy during equilibration after the global quench of an initial thermal state at temperature T i followed by non-equilibrium heating to temperature T f , in an example of the simplest quenched holographic model. In the bulk this equilibration process is described by the Vaidya shell in the black hole background. This is in contrast to the Vaidya shell in the AdS background, that corresponds to thermalization. In both cases the holographic entanglement entropy is defined as the area of an extremal surface anchored on a given area on the boundary. Using the explicit representation for the evolution of the holographic entanglement entropy we have shown the existence of the memory loss regime in equilibration process started from a thermal state and followed by nonequilibrium increasing of the temperature. The memory loss regime occurs long after the system has achieved local equilibration at scales of order z h and the holographic entanglement entropy evolution in this regime is described by the function depending only on one variable
for our simplest model v = 1. The form of the function in the LHS of (6.1) depends on κ. As for the thermalization model [20] , there are two special cases of the memory loss regime, namely
• Post-local-equilibration linear growth regime with large ,
where the scaling parameter k κ depends on κ as k κ = 1 − κ;
• saturation regime, − τ z h ,
where the scaling parameter f κ depends on κ as
For more complicated model we expect that the form of the function M κ depends on the model, but the dependence on ( − vτ ) will survive for more general initial states, changing only the value of v. In particular, for the linear growth regime we expect that the speed v, characterizing properties of the equilibrium state, is solely determined by the metric of the black hole describing the final state. The form (6.1) manifests itself the local nature of entanglement propagation.
Note, that the 3/2 law in saturation regime exhibits also the temporal evolution of causal holographic information [37] .
Let us also note, that the pre-local-equilibration stage in non-equilibrium heating is very similar to the one during thermalization. As has been noticed in [21] the prelocal-equilibration stage in thermalization is rather sensitive to the nature of initial states, including the value of the sourcing interval δt. In our case the early growth time dependence is proportional to the difference of the energy densities
that is consistent with studies of the entanglement entropy of excited states at T i = 0 in [20, 21, [43] [44] [45] [46] . We have considered 1+1 dimension case, but using explicit integral representations for the holographic entanglement entropy and the others nonlocal observables for higher dimensional cases describing the non-equilibrium heating, one can derive, similar to the case of holographic thermalization process [21] , general scaling behaviour in the corresponding boundary theories during instantaneous heating.
It is interesting to consider non-equilibrium heating process initiated by more general quenches, in particular those with inhomogeneous states, compare with [47] [48] [49] , as well to consider different infalling shells, in particular massive infalling shells, charged shells and shells with angular momentum, corresponding thermalization process have been studied in [5, [50] [51] [52] [53] , [28, 29] and in [19] , respectively, as well as the case of corresponding thick shells. Thick shells infalling in black hole background in higher dimensional cases have been already used to study numerically the holographic non-equilibrium heating [18] . When the thickness of the shell is less then typical sizes of intervals which we deal with, the evolution of the entanglement entropy for large intervals also shows the memory loss regime numerically, the wave front of entanglement develop also a finite spread and the picture is similar to the thermalization picture, but the corresponding wave amplitudes M are suppressed as the initial temperature increases. 
